Abstract: In this paper, we establish the Composition-Diamond lemma for free differential algebras. As applications, we give Gröbner-Shirshov bases for free Lie-differential algebra and free commutative-differential algebra, respectively.
Introduction
In 1962, A. I. Shirshov [24] invented a theory that is now called the Gröbner-Shirshov bases theory for Lie algebras Lie(X|S) presented by generators and defining relations. The main technical notion of Shirshov's theory was a notion of composition (f, g) w of two Lie polynomials, f, g ∈ Lie(X) relative to some associative word w. Based on it, he defined an infinite algorithm of adding to some set S of Lie polynomials of all non-trivial compositions until one will get a set S * that is closed under compositions, i.e., any nontrivial composition of two polynomials from S * belongs to S * (and leading associative wordss of polynomials s ∈ S * do not contain each other as subwords). In addition, S and S * generated the same ideal, i.e., Id(S) = Id(S * ). S * is now called a Gröbner-Shirshov basis of Lie(X|S). Then he proved the following lemma.
Let Lie(X) ⊂ k X be a free Lie algebra over a field k viewed as the algebra of Lie polynomials in the free algebra k X , and S a subset in Lie(X). If f ∈ Id(S), then f = usv, where s ∈ S * , u, v ∈ X * ,f ,s are leading associative words of Lie polynomials f, s correspondingly, and X * the free monoid generated by X. He used the following easy corollary of his lemma. then A is called a differential algebra with differential operators D or D-algebra, for short.
In this paper, we establish the Composition-Diamond lemma for free differential algebras. As applications, we give Gröbner-Shirshov bases for free Lie-differential algebra and free commutative-differential algebra, respectively.
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Free differential algebras
In this section, we construct a free differential algebra with differential operators D.
Let A is a differential algebra with differential operators D, i.e., A is a D-algebra.
Let A , B be D-algebras and ψ : A → B a map. Then ψ is called a D-homomorphism if ψ is a k-algebra homomorphism such that for any a ∈ A and D ∈ D, ψ(D(a)) = D(ψ(a)).
is commutative, then D(X) is called a free differential algebra generated by X, where i is the inclusion map.
T , the length of u, denoted by |u|, is defined to be n. In particular, |1| = 0. Now we construct a free differential algebra directly. Let D(X) = kT be the k-algebra spanned by T . For any D j ∈ D, we define the linear map
Then, D(X) is a differential algebra with differential operators D.
Proof. Let A be any D-algebra and ϕ : X → A a map. We define a linear map
Then, it is easy to check that ϕ * a D-homomorphism and ϕ * i = ϕ, where i : X → D(X) is the including map. Clearly, such a ϕ * is unique. The proof is completed.
3 Composition-Diamond lemma for free differential algebras
We establish the Composition-Diamond lemma for free differential algebras in this section. Let D = {D j |j ∈ J}, X and J well ordered sets,
Then, we order D ω (X) as follows:
It is easy to check this order is a well order on D ω (X).
Now, we order T = (D ω (X))
* by deg-lex order, i.e., to compare two words first by length and then lexicographically. We will use this order in the sequel.
Therefore, for any 0 = f ∈ D(X), we can always write
wheref, u i ∈ T, 0 = αf , α i ∈ k, andf > u i .f is called the leading term of f and αf the leading coefficient. If αf = 1, we say that f is monic. The proofs of Lemma 3.1 and Lemma 3.2 are straightforward.
Proof. The result follows from Lemma 3.2. By the above lemmas, the order < on T is monomial, i.e., for any u, v ∈ T ,
where we assume that v = 1 for the latter case.
Let the notation be in Corollary 3.4. For convenience, we denote Dj(u) by dj(u).
Definition 3.5 Let f, g ∈ D(X) be monic polynomials and w, a, b ∈ T . Then there are two kinds of compositions.
is called composition of intersection. In this case, we assume that a, b = 1.
By Lemmas 3.1 and 3.3, we have the following lemma.
Let S ⊂ D(X) be a subset of monic polynomials. Then we define S-words u s inductively: for any s ∈ S,
(ii) if u s is an S-word of S-length k and v is a word in T of length l, then u s · v and v · u s are S-words of S-length k + l.
Then, any element of Id(S), the D-ideal of D(X) generated by S, is a linear combination of S-words.
By Lemmas 3.1, 3.3 and 3.4, we reach the following lemma. 
Proof. There are three cases to consider: Case 1. d¯i(s 1 ) and dj(s 2 ) are mutually disjoint. We may assume that d¯i(s 1 ) is at the left of dj(s 2 ), i.e.,
where a ∈ T . Then
Case 3. d¯i(s 1 ) and dj(s 2 ) have a nonempty intersection as a subword of w, but d¯i(s 1 ) and dj(s 2 ) are not subwords of each other. We may assume that
Then, we have
The proof is completed.
Lemma 3.10 Let S ⊂ D(X) be a monic subset and Irr(S)
where each α i , β j ∈ k, u i ∈ Irr(S) and v s j is S-word.
, then there exist some s 1 ∈ S,ī 1 and a 1 , b 1 ∈ T , such thatf = u 1 = a 1 dī
In both cases, we havē f 1 <f . Then the result follows from the induction onf.
The following theorem is an analogy of the Shirshov's Composition lemma for Lie algebras [24] , which was specialized to associative algebras by Bokut [2] , see also Bergman [1] . 
(i) S is a Gröbner-Shirshov basis in D(X).
(
Proof. (i) ⇒ (ii). Let S be a Gröbner-Shirshov basis and 0 = f ∈ Id(S). Then
We may assume without loss of generality that
We proceed by induction on w 1 and l.
By Lemma 3.9, the last item of the above is a linear combination of S-words less than w 1 . The result follows from the induction on l.
For the case of α 1 + α 2 = 0 and l = 2, we use the induction on w 1 . Now, the result follows.
(ii) ⇒ (iii). For any f ∈ D(X), by Lemma 3.10, we have
where each α i , β j ∈ k, u i ∈ Irr(S) and v s j is S-word. Therefore
On the other hand, suppose that
, where α i ∈ k, u i ∈ Irr(S).
It means that
Then all α i must be equal to zero. Otherwise, i α i u i = u j ∈ Irr(S) for some j which contradicts (ii).
(iii) ⇒ (i). For any f, g ∈ S , by Lemma 3.6 and Lemma 3.10, we have
Since (f, g) w ∈ Id(S) and by (iii), we have
Therefore, S is a Gröbner-Shirshov basis.
Gröbner-Shirshov bases for free Lie-differential algebras
In this section, we define Lie-(commutative-) differential algebras. As applications of the Composition-Diamond lemma for differential algebras (Theorem 3.11), we give Gröbner-Shirshov bases for free Lie-differential algebras and free commutative-differential algebras, respectively. The proof of the following theorem is straightforward and we omit the details.
Definition 4.1 Let A be a differential algebra with differential operators D. Suppose that (D, [, ]) is a Lie algebra, where
[D 1 D 2 ] = D 1 D 2 − D 2 D 1 for any D 1 , D 2 ∈ D. Then A
Theorem 4.3 Let (D, [, ]) be a Lie algebra with a k-basis
Then D(X|S) is a free Lie-D algebra generated by X. Proof. Since S 0 is a subset of S, it suffices to prove that D(X|S 0 ) is a Lie-D algebra. We need only to prove that, in D(X|S 0 ), for any u ∈ T ,
By Lemma 3.10, it suffices to prove that for any v ∈ Irr(S 0 ),
We use induction on the length of v. If |v| = 1, then the result is trivial.
By Lemma 3.10, we have Lemma 4.6 For any p, q ∈ J and D¯ix ∈ D ω (X), if p > q, then
where w ∈ D ω (X) and w > D p D q D¯ix. 
where each α r ij ∈ k. Let D(X) be the free differential algebra with differential operators D. Let the order < on T be as before and and
